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This work is a continuation ofan earlier paper by the author where 
a similar result is achieved for the value q = 7. By generalizing and 
extending the techniques developed in this earlier paper the dio- 
phantine quations y2 = 8k+1 _[_ 17 and y2 = 2(9 k) _[_ 7 are shown to 
have no solution in integers for k > 2. Since this is a necessary condi- 
tion for the existence of perfect double Hamming-error-correcting 
codes on q = 8 and 9 symbols respectively, it follows that there exist 
no such codes. 
1. INTRODUCTION 
Let V~ be the n-dimensional vector space of all n-tuples whose entries 
are taken from the ring of integers rood q (q > 2). By the distance be- 
tween two points of V~ we mean the number of places in which the points 
disagree. A perfect double Hamming-error-correcting code is a subspace 
S of V~ subject to the following conditions: 
( i )  the distance between any two points of S is at least 5, and 
(ii) every point of V~ is within distance 2 of some (hence a unique) 
point of S. 
Clearly #(V~) = q~ and, since S is a subspace #(S) = q~-~ for some 
k _<- n. i t  is known that a necessary condition for the existence of a per- 
fect double error-correcting code is that the vector space V~ forms dis- 
joint spheres about the points of its subspace S. From this it follows, 
Alter (1968), that the diophantine quation 
F - (q2 - 6q  + 1)  - sq  ~ = 0 (1 )  
must have a solution in positive integers x and k. This necessary condi- 
tion, although not sufficient, has been studied for q = 2, 3, 4, 5, 6, and 7. 
(For a discussion of these cases, the reader is referred to Alter (1968); 
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for further properties of and information about error-correcting codes, 
the reader is referred toBerlekamp (1968)). In this paper it is established 
that there exist no perfect double-ttamming-error-correeting codes on 
q = 8 or q = 9 symbols. 
2. THE CASE q = 9 
In order to show that there exists no perfect double Hamming-error- 
correcting codes on q = 9 symbols, we substitute 9 for q in (1), getting 
x 2 = 8(94) -t- 28. (2) 
Let x = 2y and observe that (2) becomes 
y~ = 2(94) -t- 7. (3) 
By showing that (3) has no solution in positive integers for k > 2, the 
desired result is established. (Note that for k = 0, 1, 2 there is a solution 
to (3), namely y = 3, 5, 13 respectively.) In order to do this we note 
that y is odd and we let y = u and 34-2 = v and observe that (3) becomes 
2 u -- 162v 2 = 7 (4) 
Now we can employ the continued fraction technique of Alter (1968). 
To do this we first need the following well known theorem. (For a proof 
the reader is referred to Theorem 20, page 204, in Shockley (1967).) 
THEORE~ 1. Let n be an integer and let D be a positive integer that is not 
a square so that D > I n I • I fuo ,  Vo is apositive solution of u ~ --v~D = n, 
then Uo/Vo is one of the convergents to %/D.. 
Since ~ > 7 > 0 every positive solution uo, v0 of (4) has uo/vo 
as one of the convergents o ~/162. Also because (Uo, vo) = 1 it follows 
that u0 =Pm,  v0 = Q,~ for some m and each positive solution u0, vo of (4). 
By direct computation one can show that 
%/162 = <12, 1, 2, 1, 2, 12, 2, 1, 2, 1, 24) (5) 
is the continued fraction expansion of ~/1~.  
Since the repeated part of the expansion is of length ten there are ten 
sequences to deal with. Thus, for m -> 0 we have 
Po = 1, P1 = 12, P2 - 13, P3 = 38, P4 = 51, . . .  , Plom+2 = Plom+l -t- 
Plom, Plo~+3 = 2Plo~+2 -t- Pl0m+l , Plom+~ = P10m+3 2[- P10m+2 , Plom+5 ~-- 
2Plo~+4 -t- Plo~+3, P10~+G = 12P10~+~ -t- Plo~+4, Plo~+7 = 2P~o~+6 + 
Plom+5 , Plom+s = Plo,~+7 + Plom+6 , Plo,~+9 = 2Plo~+s -t- Plo~+7, Plo~+i0 
= Pa~+9 + Plo.,+s, Plo-~+n = 24Pxom+lo + Plom+9 • (6) 
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and 
Qo = 0, Q1 = 1, Q2 = 1, Q~ = 3, Q4 = 4, . . .  , Qlo~+2 = Qlo~+1 + Qlo~, 
Qlo~+~ = 2Qlom+2 -+- Q~om+l, Qlo,~-~4 = Qlo,,,+a + Qlo.~+2, Q~om+~ = 
2Qlo~+~ -[- Qlo~+3, Qlom+6 = 12Qio~+5 + Qlo~+4, Qlo~+7 = 2Qlom+~ -l- 
Qlo,,,+5, Qlo,~+s = Qlom+7 -~ Qlom+6 , Qlom+9 = 2Qlo~+s -t- Qlo~+7, Qlo~+1o = 
Qio,,+~ + Qlom+s, Qlo,~+1, -= 24Qio~+~o + Qlo~+9. (7) 
Since the P's must be odd, because of (6) we need only consider those 
convergents whose indicies are even. 
THEOI~EM 2. For all m >= O, it follows that no member of either of the 
two sequences, Qlom+4 and Qlo,~+6 , is a multiple of 3. 
Proof. Applying (7) repeatedly ields, for m > 0: 
( i )  3 divides Q,0~+6 if and only if 3 divides Q,o~+4 ; 
(ii) 3 divides Qlo~+4 if and only if 3 divides Qlo~-4 • 
Since 3 ~ Q4, Q6 it follows by (i) and (ii) that 3 "~ Q~o,,-4, Q~o,~+6. 
Q.E.D. 
Thus i t  remains to consider the three sequences Qlo~, Qlo~+2, and 
Q1o~+s • In order to facilitate working with these sets of numbers we have: 
THEORE~ 3. The following relations hold for all m > 0 and 0 <= i < m. 
Qlo,,+~ = Qloi+9 Qlo¢.~-i)-4 -t- 3Qloi+6 Qlo(,~_i).-5. (8) 
Qlo~+3 = 2Qlo~+s Qlo(m-~)-~ -t- (2Q~oi+6 -t- 3Qloi+~)Qlo~_~)_~. (9) 
Qlom+2 = Qloi+~ QIo(~-i)-~ -~- (Qloi+~ - 3Q~o~+~)Q~,(~_~)_~. (10) 
Q~o,~+~ = 2Q~oi+, Q~o¢~-~)-~ + 9Q~oi+~ Q~o¢~- )-~. (11) 
QIo.~ = Q~o~ Q~o(,~_~)+~ ÷ Q~o~_~ Q~o~-~) . (12) 
Q~om_~ = 2Q~o~+~ Q o(m-~)_~ - 3Q~oi+~ Q~o<~-~)-~. (13) 
Q~o,~-~ = Q~o~+~ Q~o(~-~)-~ -t- ( Q~oi+~ + 3Q~o~)Q~o(~_~)_~. (14) 
Q~o,~-~ = 2Q~o~+~ Qlo(~-~)-~ - (Q~o~+~- 6Q~o~)Q~o(~-~)_~. (15) 
Q~o~_~ = Qlo~+~ Q~o(.~-~)-~ ~- 9Q~o~ Q~o<~-~)-~. (16) 
Q~om-~ = 2Q~ol Q~o<,,-~)~ --  QIo~_~ Q~o(,,~)-~ . (17) 
Proof. The derivation of any of the above can be achieved by mathe- 
matical induction. However, after having done this for any two out of 
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three consecutive Q's the remaining eight relations are more easily ob- 
tained by using (7) and the two recently derived relations. 
Now (10) will be proven for all m > 0 and 0 =< i < m by mathematical 
induction on i. For i = 0 it follows by using (7) that 
Qlo~+2 = Q1om+l -]- Qlom ---- 25Q1om -~- Qlom-1 . . . .  
= 283Qlo~_4 Jr 103Qlo,~_~ = Q7 Qlom-4 -~ (Q6 - 3Qs)Qlo~-s. 
Now suppose (10) holds for i = k - I and consider i = k < m, then 
Qlom+~ = Q1o~-~ Qlo(~-k)+6 @ (Qlok-4 - 3Qlok-5)Q1o(~-k)+5 
Applying (7) ten times in succession one obtains: 
Qio,,+2 = (79,242Q10~-~ W 28,841Qlok-5)Qlo(~-k)-~ 
(28,841Q10k_4-t- 10,497Q10k_5)Qlo(,~-k)-~. 
Once again (7) is applied and it follows that 
79,242Qlok-4 ~ 28,841Q10k_5 = Q1070+~ and 
28,841Qlo~_~ ~ 10,497Qlo~_~ = Q10~+6 - 3Q10~+~. 
This completes the proof of (10). As mentioned earlier, all of the other 
relations can be derived in a similar way. In order to avoid redundancy 
these proofs will be omitted. 
Remark. In the case of (12) the stronger elation 
Qlo,, = QiQlom-~+l ~- Qi-lQ1o,,,-~ (12') 
can be established. 
THEORWM 4. For all m > O, Qlo,~ is not a power of 3. 
Proof. (By mathematical induction on m.) Qo -- 0 and Qio = 1540. 
The induction is completed by using (12) with i = 1: 
Qzo~ = QloQ1o(,~-~)+l -4- QgQio(~-I) •
From the above it is clear that Qlo divides Q1o~ for all m => 0. Q.E.D. 
THEOREM 5. For all m > O, it follows that Qlo~+s ~ 9 (rood 10). 
Proof. (By mathematical induction on m,) From Table 1 it is clear 
thatQs~ Q~s- Q:s-- 9 (mod10). 
Now we assume the theorem is true for m = k - 1 and consider 
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m = k; using (4) we see that 
Qlok+s = QI~Qlo~-4 Jr (Qll -t- 3Qlo)Qlok-5 ~ 3Qlok-~ -t- Qlok-5 (rood 10). 
But, from (7), Qlok-2 = Qlok-3 -~ Qlo~-4 = 3Qlok-4 -t- Qio~-5, thus 
Qlok+s -- Qiok-2 ~ 9 (rood 10). Q.E.D. 
COROLLARY. I f  Q1o~+s i a power of 3 then it is a power of 9. 
Proof. This is immediate from Theorem 5 and the powers of 3 (modulo 
lo). 
TABLE 1 
Qo 0 
QI 1 
Q2 1 
Q3 3 
Q4 4 
Q5 11 
Q6 136 
Q7 283 
Qs 419 
Q9 1121 
Qlo 1540 
Qll 38,081 
Q12 39,621 
Q13 117,323 
Qt4 156,944 
QI~ 431,211 
Q~6 5,331,476 
Q17 11,094,163 
Qls 16,425,639 
Qto 43,945,441 
Q2o 60,371,080 
Q21 1,492,851,361 
Q2~ 1,553,222,441 
Q:3 4,599,296,243 
Q~4 6,152,518,684 
Q~5 16,904,333,611 
Q~6 209,004,522,016 
Q27 434,913,377,643 
Q~s 643,917,899,659 
Q29 1,722,749,176,961 
Q3o 2,366,667,076,620 
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THEOREM 6. For a//m > 0, Q10m+8/s not a power of 9. 
Proof. We consider Q10m+s (rood 100). We shall establish that Q10m+s --
s for all m _>_ 0 where s is a member of the set S = { 19, 39, 59, 79, 99}. 
Once this is done the desired result will follow immediately from Table 
2 and the Corollary to Theorem 5. 
From Table 1 we observe that 
Q8 --- 19, Q18 ~ 39, Q28 -~ 59 (mod 100). 
Using (14) and Table 1 it follows that 
Qss = Q~Qle + (Q21 + 3Q~o)Q~ --- 79 (rood 100). 
Q~ = Q~Q2~ + (Q~I + 3Q~0)Q~5 -- 99 (rood 100). 
Thus it remains to establish that for all m >= 0, we have: 
Qlom+58 -~ Qlo~+8 (rood 100). (18) 
Using (14) with i = 25 we have 
Qlo,~+58 = Q53Qlom+6 -t- (Qs1 -t- 3Qso)Qlo~+~. 
Applying (7) to the above it follows that 
Qlo~+~ = (Q51 - 4Qso)Qlo~+s  QsoQso~+7. 
Applying (12) with m = 5 and i = 3 and referring to Table 1, it follows 
that 
Qso = Q3oQ21 ~ Q29Q2o :-- o (rood 100). 
TABLE 2 
r ~" (rood 100) 
0 1 
1 9 
2 81 
3 29 
4 61 
5 49 
6 41 
7 69 
8 21 
9 89 
10 1 
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Applying (11) with m = 5 and i -- 2 and referring to Table 1, it follows 
that 
Q51 = 2Q~6 ~- 9Q~5 ~ 1 (rood 100). 
This establishes (18) and thus completes the proof of Theorem 6. 
Q.E.D. 
Thus it only remains to show that no member of the sequence Q10m+2 
is a power of 3. To do this we need the following five Theorems. 
T~EOREM 7. For all m >= O, it follows that Qlo~+2 --- 1 (mod 10). 
COROLLXRY. I f  Qlo~+2 is a power of 3 then it is a power of 81. 
Remarks. The proofs of Theorem 7 and its Corollary are very similar 
to the proofs to  Theorem 5 and its Corollary, thus they are omitted in 
this paper. 
THEOREM 8. For m > 0 and 0 <= i < m (10) can be put into the form 
Qlo~+~ = 7Qloi+1oQlo(~-i)_7 -~ (4Qlo~+1o ~- Qlo~+9)Qlo(~-~)_8. (19) 
Proof. The result follows by applying (7) repeatedly to (10) until 
the desired result is achieved. Q.E.D. 
COROLLARY. For m > 0 we have 
Q,o~+~ - -Qlo~-~s (rood Q15). (20) 
Proof. Let i = 2 ia (19) and it follows that 
Q,o,~+~ -- Q2~Qlo,~-2s (rood Q3o) 
Letting i = 15 and m = 3 ia (12') yields that 
Q~o = Q15(Q16 + Q14) 
Also, using (13) we have that 
Q:~ = 2Q~4Ql~ -~ 3Q~Q~ -- 2Q~4 ~ -1  (mod Q16) Q.E.D. 
THEORE~ 9. For m >= O, Qlo,~+~ is a multiple of 3 if and only if Qlo,~+~ 
is of the form Q30~+12 • 
Proof. Using (7) repeatedly we have, (modulo 3) that 
Qlo,~+2 ~ Qlo,,-7 =- 2Q10,~-10 ~ 2Q10~-1~ -  Q10~-~ - Qlo~-25 - 2Q10~-2s • 
and if 3 1 Q~o~+2 then 3 ~ Q~o,~-s, Q~o~-.~s. 
Thus it follows that: 
3 [ Qlo,~+~ if and only ff 3 1 Q~o.~-~s • 
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Hence 
3 [ QI~, Q42, " ' -  , Q30~+12 holds for all m _-> 0. 
T~EORE~ 10. For all m >= 0 we have 
Q30+12 -- ±P12 (rood Qls). 
Proof. Using the Corol lary to Theorem 8 it follows that  
Q30,~+12 --= -Qa0,~-ls ~-- Q~- -~ (mod Q15). 
And since Q,2 --- QI~ and Q~2 -= -Q,~ (mod Q15). 
We are done. 
T~EOREM 11. For all m >-> 0, Q30~+12 cannot be a power of 3. 
Proof. The pr ime decomposit ion of Q15 is: 
QI~ = 3.11.73.179.  Thus 
Q~0~+12 - 18 or 55 (mod 73). 
F rom the Corol lary to Theorem 7, Q30~+12 must  be a power of 81. Since 
81-8 ,  812-  64, 813-  1 (mod73) .  
We are done. 
4. THE CASE q = 8 
In  order to show that  there exists no perfect double t tamming-error -  
correcting codes on q = 8 symbols, we substitute 8 for q in (1), getting 
y2 = 8~+1 _}_ 17 (21) 
By  showing that  (21) has no solutions in positive integers for k > 2 we 
will have established our desired results. (Note  that  for k = 0, 1, 2 
there is a solution to (21), which will be exhibited shortly.) 
Lett ing x = 2 k+l (21) becomes 
x 3 = y2 _ 17. (22) 
Nagell  (1929) solved the diophantine quation (22) and showed that  it 
has exactly eight solutions, namely:  
x = 2, y = 3; x = -1 ,  y = 4; x -- 2, y = 5 
(this is the case k = 0);  
x = 4, y = 9 (easek  = 1); x = 8, y = 23 (case]~ = 2);  
x = 43, y = 282; x = 52, y = 375; x = 5234, y = 378661. 
Q.E.D.  
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Because, ir~ the last three solutions, x is not a power of 2, it follows that 
there are no integer solutions of (2) for/~ > 2. Thus ~he desired result 
is established. 
RECEIVED: July, 1968; REVISED: September 17, 1968 
REFERENCES 
A~ER, R. (1968), On the non-existence of close-packed ouble Hamming-error- 
correcting codes on q = 7 symbols. J. Computer and System Aciences. Vol. 2, 
pp. 167-176. 
B~R~EKA~P, E. R. (1968), "Algebraic Coding Theory." McGraw-Hill Inc., New 
York. 
NA~ELL, M. T. (1929), L'analyse inddterminde de degrd supdrieur. Mem. Sciencw 
Ma~h. 39. 
S~OC~LEr, J. E. (1967), "Introduction to Number Theory." Holt, Rinehart and 
Winston, Inc., New York. 
Statenmnt of ownership, raanage~aent and circulation required by  the Act of October 23, 1962, Section 4369, Title 39, U~Jted State~ 
Code~ of information and Control 
Published monthIy at  Mt.  Royal and Guilford Avenues, BaItlmore, Maryland 21202 for Acader~J¢ Press In~.~ 111 Fi f th Avenuet New 
York. N.  Y. 10O03. 
Editor: ~furray Eden, lViassach~set cs I~stltute of Technology, Cambridge, ~M~ss~. 02189. 
Owned by Walter g. Johnson and Thelda Johnsonp f l l  F i f th Avenue,:New York, N. Y. 10993 
Known bondholders, mortgagees, a~td other security holders ow'niag or hold~ 
~ng 1 percent or more of total amount of bonds, mortgages or other securities: none. Paragraphs g and $ include, in cases where the 
stockholder or securlby holder appears upon the books of the company ~ trustee or in any ~ther fiduciary relation, the name of the 
person or corporation for whom such trustee is acting, also the statements in the two paragraphs show the ai~ nut's full knowledge and 
belief as 1o the circumstances and conditiorts under whleh stockholders and security holders who do no~ appear upon the bDoks of the 
company as trustees, hold stock and securities in a capacity other than that  of a bona fide owner. Names sad addresses of iadlvJd~als 
who are stockholders of a corporation which itself is a stockholder or holder of bonds, mo~gages or other securlt]es of the pubfsh lng 
corporation have been included in paragraphs 2 and 8 when the interests ef such individuals arc equi~.aIent tD I percent or more of the 
total amount of the stock or securities of the pabIishiug corporation. TotaI ~o. copies printed, average no. copi~ each issue during 
preceding 12 months: 1650; single issue nearest o f l ing date: 1600. Paid circnlatlon (a) to term subscribers by mail, carrier delivery or 
by other means, average no. copies each issue daring preceding 12 months: 1363; ~]ngie i~que nearest to filing date : 1380. (b) Sales t I~o~gh 
agents, news dealers, or otber~dse, average no. copl~ each issue during preceding 12 months:  none; ~ingle issue nearest o Sling date: 
none. Free d~stributlon by  m~il, c~rrler defvery, or by  other means, ~verage no. coples each i~ue durhlg preeedhlg 12 months: 91; sizkgle 
issue nearest o filing date: 97. Tots[ no. of copies distributed, average no. copies each issue during l~receding 12 months: 14~4; sing!e 
issue nearest o fillug date: 1477. 
(S]g~ed) J. B. Cbertok, trice Presiderlt 
